LIEB-THIRRING BOUNDS 
FOR COMPLEX JACOBI MATRICES 

L. GOLINSKII, S. KUPIN 

Abstract. We obtain various versions of classical Lieb-Thirring bounds 

for one- and muIti-dimcnsional complex Jacobi matrices. Our method 
is based on Fan-Mirski Lemma and seems to be fairly general. 



Introduction 

In a recent interesting paper [5], Prank-Laptev-Lieb-Seiringer obtain 
Lieb-Thirring bounds for a multidimensional Schrodinger operator H = 
— A + F with a complex- valued potential. The authors say that they "can 
also replace — A in i7 by any operator for which Lieb-Thirring bounds for 
real-valued potentials hold (but making the appropriate change in the ex- 
ponent of V on the right side of the inequalities)". The proposition seems 
to describe a complex-valued diagonal perturbation of a given self-adjoint 
operator. The method of the paper relies, though, on the special form of 
the unperturbed self-adjoint operator. 

We move somewhat further in this direction. Namely, we prove Lieb- 
Thirring bounds for a non- self adjoint operator A provided the bounds for 
its real part Re ^ = {A + A*)/2 are available. We neither assume ^ to be a 
diagonal perturbation of a self-adjoint operator Aq, nor we use the specifics 
of ^0- 

The idea of the proof of the main result is very simple and transparent. 

First, Lieb-Thirring bounds for complex- valued Jacobi matrices are reduced 
to the self-adjoint case with the help of an elementary Fan-Mirski Lemma 
(see [1, Proposition III. 5. 3]). Then we use results of Hundertmark-Simon [8] 
for the self-adjoint Jacobi matrices. Since the latter paper contains "small 
coupling" and "large coupling" bounds, we get pairs of estimates for every 
case we consider. 

More precisely, we are interested in the complex- valued symmetric Jacobi 
matrices of the form 

(0.1) j = j({afe},{6fe}) = 

where a^ibk G C. We assume J to be a compact perturbation of the 
free Jacobi matrix Jq = J({1},{0}), or, equivalently, limj^^+oo oifc = !> 
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limfc^_l_oo ^'fe = 0. It is well-known, that in this situation aess{J) = [~2,2]. 
The point spectrum of J is denoted by (Tp{J); the eigenvalues A G (Tp{J) 
have finite algebraic (and geometric) multiplicity, and the set of their limit 
points is on the interval [-2,2] (see, e.g., [6, Lemma 1.5.2]). 

Theorem 0.1. For p > 1, 

(0.2) Yl 

Ae<Tp(J) 



(0.3) (^^^ 
Ae<Tp(J) 



where 
(0.4) 

Above, x+ = max{a;, 0}, X- = — min{a;, 0} for x G M, so 

X — iZ/— tjC — J j X j — X -|- I tjC — ^ ^ X ^ -J- — tjC — • 

Note that Theorem 0.1 is a particular case of more general results. The- 
orems 1.4 and 1.5, of the same spirit. 

The paper is organized in the following way. Section 1 contains the 
proof of the above theorem along with a number of other results for one- 
dimensional Jacobi matrices. Following the pattern of [5], we also get esti- 
mates on single eigenvalues for the complex Jacobi matrices. Similar the- 
orems on multidimensional Jacobi matrices are in Section 2. Actually, the 
multidimensional results obviously give the estimates of Section 1. Never- 
theless, we prefer to state the bounds for the one-dimensional case explicitly. 

We also mention that the proofs of the paper go through for general 
complex Jacobi matrices, not necessarily symmetric ones. Related prob- 
lems concerning the geometry and location of the discrete spectrum for such 
matrices are studied in [2, 3, 4]. 

1. Lieb-Thirring bounds for one-dimensional Jacobi matrices 

Let J = J{{ak}, {bk}) be a complex Jacobi matrix (0.1), and crp{J) = {Xj} 
its point spectrum which consists of eigenvalues of finite algebraic multiplic- 
ity. For a G M, we introduce the functions 

(1.1) /+(A) = (ReA-2) + aImA, /"(A) = -(Re A + 2) - aim A, 
and the half-planes 

(1.2) #i = {A : /+(A) > 0}, = {A : /"(A) > 0}. 
It is clear that A G $~ —A G $q . Define also the angles 

^+ = #+ U $+ = $~ M $~ 



2)^ + Y (ReA + 2)^_ 

< Cp \Rebkr+'/^ + 4|Reafe - l\P+y^^ , 

2)1 + Y (ReA + 2)^_ 
Ae<7p(J) 

< 3^-1 ^f;|Re6fer + 4|Reafe-l|^'^ , 



^ 1^,-1/2 r(p + i) r(2) 

^ 2 r(p + 3/2)r(3/2)' 
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Figure 1 



For a = tan^, —tt/2 < 9 < it/2, the regions are represented on Figure 1. 

We will be particularly concerned with the parts of the point spectrum 
<Tp(J), lying in <I>^ and We put 

and label the eigenvalues {A^^} so that 

(1.3) /^(A^,i)>/±(Aj2)>-..>0, /^(Aj^)\0. 

The enumerating takes into account the multiplicities if of A"^ -'s, so we 
have 

For instance, we get for q = 

/o±(A) = ±(ReAT2), a>± = {A : ±(Re A ^ 2) > 0}, 
a^{J) = cTp(J) n{A : ±(ReA^2) > 0}. 

Clearly, A G (7^ (J) 44> - A G o-+(-J). 
Furthermore, in the notation Re J = ( J + J*)/2, Im J = ( J — J*)/(2i), 

let 

Jq = Re J + aim J = J({Re + aim Ofc}, {Re 6^ + aim fefc}) 
be a real self-adjoint Jacobi matrix, and 

be the set of its eigenvalues off the essential spectrum [-2,2], labelled as 

l^a,l < l^a,2 < • • • < -2, > > • • • > 2, 

and limn^oo fJ-an — ='=2- In the case when one of the four numbers 
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is finite, the natural convention is that A^^- = ±2, lJ'^i^ = ±2 for j > and 
k > m^, respectively. Observe that ap{J), l^, rri^ actually depend on a, 
but we do not write this dependence to keep the notation reasonably simple. 

Lemma 1.1. We have for a G M and n = 1, 2, . . . 

71 n 

(1.4) ^((ReAX,-2) + aImA+^.) < Y^Kj'^)^ 

n n 

(1.5) 5^((ReA-^. + 2) + aImA-^.) > ^^. + 2). 

Proof. The proof is a combination of the Fan-Mirski Lemma, the classical 
variational principle for eigenvalues, and elementary properties of a Schur 
basis for invariant subspaces of an operator [6, Chapter 1], [1]. The argument 
is essentially finite dimensional, and is implicit in [1, Chapter III]. 

We will prove the first inequahty. The second one, (1.5), is (1.4), applied 
to — J. We denote by {j^^} the eigenvalues of J in without taking into 
account their multiplicities. More precisely, {f^} = {-^a j} ^ point sets, 
and 

/a+(^l+)>/+(4)>--->0, /+(4)\0, 

but 

for A; > 1. In particular, the corresponding root subspaces of J are H{y'^) = 

Ker (J - i^^iy^ and dimi?(i/^) < +oo. 

For the transparency of the exposition, we assume that the geometric 
multiplicity of each is one. In this case dim.H{i'^) = l'^. The general 
situation is treated similarly. 

So, let n be an arbitrary positive integer. We distinguish two cases: n < 1+ 
and n > < +oo. For the first one, there exists a unique ko = ko{n) 

such that 

fco-l 

n=Yn+ + n\ < n' < Z+ . 
fe=i 

Put H'{kQ) = Ker ( J — f^7)"' and consider the direct sum 

H{n) = H{4) + H{4) + ... + F(<,_i) + H'iko). 

Since the sum is direct and the summands are of finite dimension, wc see 
that the subspace is closed, and dim i7(n) = n. It is obvious that H{n) is 
an invariant subspaces for J, and, by construction, ap{J{n)) = {z^fc^}i<fe<ifco5 

where J(n) = J\^^^y 

We now choose the Schur basis {xj}i<j<n m H{n). The system {xj} by 
definition has the following properties: 

- it is orthonormal; 

- for any m < n, the linear span of {xj}i<j<m is exactly H{m); 

i-i 

i=l 
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with some coefficients {cij^i}. This means of course that the matrix of J{n) 
with respect to {xj} is upper-triangular. 
Consequently, 

and we have ReA^^- = (Re Jxj,Xj), ImA^^- = {hn.Jxj,Xj). So, 
ReA+j. +Q;ImA+^- = {JaXj.Xj), 

and we continue as 

n n n 

(1.6) Re A+j + a Im A+ = Y^{JaXj,Xj) < sup ^{Jayj^yj), 

j=l j=l {yj}l<j<nCH 

where the supremum is taken over all orthonormal systems {yj}i<j<n in H. 
The operator is self-adjoint and its spectrum is described in the beginning 
of the current section. The spectral theorem says that 

where H-^,Hp are reducing spectral subspaces associated to <T'^{Ja) = 
Cp (Ja) ^ CTessiJa) and o-+(Ja), respectively. Obviously, ((Jq)+x,x) > 2, 
{J^y,y) < 2, for x € y G H^, and ||x|| = ||y|| = 1. We proceed as 

LHS of (1.6) < max ^ ^ ( JaXj, Xj) 

{'^j}l<j<min{n,7Tl_|_}^-^p j 

+ sup ^^( J^Xj, Xj) 

{*''j}min{n,m_j_}+l<j<n^-^"'' j 

min{n,m+} 

which is precisely (1.4) under the notational convention made just before 
the lemma. 

When n > Z+, we have A^ ■ = 2 and > 2 for j > Z+. So, 

n n n 

^(ReA+^. + aImA+.) = ^(ReA+^. + aImA+^.)+ E ^ < E<.- 
j=i j=i i=i++i i=i 

The proof is complete. □ 
Lemma 1.2. i^or p > 1 and any n = 1,2, . . ., 

n n 

(1.7) ^ 2) + aim A±,)^i < ^(/^t- ^ 2)^±- 

i=i i=i 
Consequently, 

n n 

(1.8) E((I^« <i - 2) + a Im A+^.)^ + E((I^« ^a,j + 2) + a Im A"^-)^ 

n 
k=l 
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Proof. Having (1.4) at hand, the weh-known Weyl's lemma [6, Chapter 2], 
[7] claims that for any non-decreasing convex function g, 

n n 

^5((Re A+ . - 2) + aim A+ .) < J^^Kj ' 2)' 

i=i i=i 

and the function g(x) = x-^, p > 1, gives the first inequality in (1.7). We 
use (1.5) instead of (1.4) to prove the second one. Taking the sum of both 
bounds (1.7), we get (1.8). □ 

Theorem 1.3. For a G M and p>l, 

oo oo 

(1.9) 5]((Re A+^. - 2) + «Im A+^.)^ + + 2) + ^^^Kjf- 

j=l 3=1 

oo oo 

(1.10) ^((Re A+^. - 2) + alm\l/_, + ^((Rc A,,^- + 2) + almA"^.)^ 

j=l 3=1 

< 3P-^ ^^|Refefc + aIm6fc|P + 4|Reafc-l + Qlmafc|pj . 

Proof. Fix q; G M and assume that the RHS in (1.9), (1.10) are finite. Then 

Theorems 2 and 4 from [8] apphed to the self-adjoint Jacobi matrix Jq,, give 
the desired bounds for J2j ll^aj ~ ^1^ + Ia'q j + ^l^- '^^^ 0--^) "^i*^ 

going to infinity. □ 

It is clear that Theorem 0.1 is precisely (1.9), (1.10) with a = 0. 
The following result deals with the eigenvalues of J in \1'^. 

Theorem 1.4. For a > and p > 1, 

(1.11) ((ReA-2) + a|ImA|)^+ J2 ((Re A + 2) - a |Im A|)^ 
Ae<Tp(J) Ae<Tp(J) 

oo 

< Cp(^|Re6jfc + aIm6fe|*'+^/2 + 4|Reafe- l + aImafe|P+^/2 

k=l 

oo 

+ J]|Re6fe-aIm6fc|*'+V2 + 4|Reafe - l-aImafe|*'+^/2), 

fc=i 

(1.12) ((ReA-2) + a|ImA|)^^+ ^ ((Re A + 2) - a |Im A|)*^ 

Ae(Tp(J) Ae(Tp(J) 

oo 

< 3*'~^(^^|Re6fe + aIm6fe|P + 4|Reafe- l + almofel*' 

fe=i 

oo 

+ ^ |Re6fe — almbkl^ + 4|Reajk — 1 — alm.ak\^^. 



k=l 
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Proof. Let a > 0. Bound (1.9) implies that 

E - 2) + « Im A+^.)^ + E ^a,, + 2) + a Im A"^-)^- 

r- ImA+^.>0 j: ImA- 

< Cp (^|Re6fe + aIm6fe|P+V2^4|Reafe- l + almofel^'+^/M , 



^=1 



and 



E ^-aJ - 2) - a Im + E ^=aj + 2) 

j: ImA+ .<0 j: ImA" .>0 

(oo > 
|Re6fe - aIm6fe|*'+^/2 + 4|Reafe - 1 - a Im l^'+^Z^ 
fe=i J 

Since 

ap(J) n *± = {A±^. : ±Im A±^. > 0} U {A±„,^. : ±Im A±„,^. < 0}), 

wc obtain (1.11) adding these two bounds. 

Note tliat transition from a to —a in the above formulae is equivalent to 
transition from J to J*. □ 

We can refine (1.9) with a bit more precise inequalities 

oo 

(1.13) E((I^^^a,i ^ 2) + aim Aj^.)^ < c,(^YS^^^ + alm6fe)f 



it=i 



+ 2|Reafe- l + aImafe|f+i/2), 



the same applies to (1.10), Theorems 0.1, 1.4 and their multidimensional 
counterparts, (see the proof of Theorem 1 in [8]). 

The "angular" Lieb-Thirring bounds are now an easy consequence of the 
previous theorem. 

Theorem 1.5. Lei p > 1 andQ<e < ix/i. Then 
(1.14) |A-2|P + ^ |A + 2|f 



\k=l 



(1.15) Yl |A-2|P + Y |A + 2|^' 

Aeaj,(J)nfi„(, ^eaj,(j)nf,-„, 

< c^,,|^f;i6,r+4K-ir^, 

w;/iere 

ci , = 2^/2+5/4(1 + 2tane)^+i/%, ^ = 3^-^2^/2+1(1 + 2tane)^'/2, 
and Cp is (0.4). 
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Proof. We will prove (1.14); the proof of (1-15) is similar. 

Given 0,O<0<7r/2, we pick 6i, 9 < 9i < Tr/2, which solves the equation 
tang*! = 1 + 2tan6'. Write (1.11) with a = tan6li: 

(1.16) 

((ReA-2)+tan0i|ImA|)^+ ^ ((Re A + 2) - tan^i |Im A|)^ 

Aeap(J)n*+„, Aeaj,(J)n*-„g 



, ^ |Re 6fc + tan Oi Im bk 1^+^^^ + 4|Re - 1 + tan Oi Im 1^+^/^ 
fe=i 

oo 

+ ^|Re5fe -tan6'iIm6fc|*'+^/^ + 4|Reafe - 1 - tan 6*1 Im Ofc | 

k=l 

Since 1 < tan 9i and a + b < \/2{a? + 6^) for a, 6 > 0, we have 

LHS of (1.16) < 2i+(^'+V2)/2 tan^'+V2 |^^|p+i/2 ^ 4,^^ _ ^ 

which is precisely the RHS of (1.14). 

Next, in the LHS of (1.16) put A = x + zy. If x - 2 > 0, then (x - 2) + 
|y|tan6'i > |A-2|. If x - 2 < 0, we get 

(x-2) + |y|tan^i = (x - 2) + |y|(l + 2tan^) 

= ((x-2) + |y|tan^) + |y|(l+tan^) 
> |y| + |y|tan0=|y| + (2-x)>|A-2|, 

where we used (x — 2) + |y| tan ^ > for A G ^tan^- '^^^ second term in the 
LHS of (1.16) is handled similarly. The theorem is proved. □ 

For self-adjoint Jacobi matrices J the bounds for individual eigenvalues 
A(J) drop out immediately from (1.13) 

(1.17) (A(J)^2)^ < c,l^{buf^'/^ + 2\au-ir^l^^, 

(1.18) (A(J)T2)^ < Z^-'[Y.{bk)l + 2\ak-l\^, 

These estimates, modified appropriately, hold in the non-selfadjoint case as 
well. 

Theorem 1.6. Let p > I, J = J{{ak}, {bk}) be a complex Jacobi matrix, 
and A( J) its eigenvalue. Then 

(1.19) 

(ReA(J) T 2)^ < Cp (^{Rebkf^^^^ + 2|Reaik - 1^+^/^^ , 
(RcA(J)^2)^ < 3^'-^ ^^(Re6fe)^ + 2|Reafc-l|pj . 
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When ReA(J) < -2 or ReA(J) > 2, we have 
(1.20) 

oo 

|A(J)^2|^ < 2^/2+V4e^(^|i,^|P+i/2 + 2K-irV2)^ 

fc=i 

oo 

|A(J)T2r < 2^^/23^-1(5^16^^ + 210^-1^). 

fc=i 

Fma//y, w/ien -2 < ReA(J) < 2, A(J) ^ [-2,2], we /laue 
(1.21) 

|A(J) T 2r < Cp (1 + 2taii^)f+V2 |6,|f+V2 + 2|afe - l^+V^^ , 

|A(J)T2r < 3f-i(l + 2taii0)f |^^|6jfc|f + 2|afc-l|f^ , 

where 9 depends on a particular choice of \{J). 

Proof. The bounds in (1.19) and (1.20) are obvious in view of (1.13) (with 
a = 0) and (1.14)-(1.15) (with 9 = 0), where a single term in the LHS is 
taken instead of the whole sum. As far as (1.21) goes, we pick 9 in such a 
way that A(J) G ^^^e' Theorem 1.5 does the rest. □ 

2. Lieb-Thirring estimates for multidimensional Jacobi 

matrices 

We start recalling the definition of a multidimensional Jacobi matrix act- 
ing on P(Z'^). Traditionally, the set of unordered pairs b = {ij), i,j G 
^'^5 \i~ j\ = 1) will be called the set of bonds B{W). For u = {u{n)}n&z^ £ 
/^(Z^), we define H = H{{ab}b^BiZ'^),{b{'n)}n&-) as 

(2.1) {Hu){n) = ^ a(„^)n(m) + 6(n)n(n), 

\n—m\=l 

{Hou){n) = ^ u{m). 

\m—n\=l 

where a^, 6(n) G C. We suppose of course that is a compact perturbation 
of Hq, or, lim|„|^4.o^ a(„„) = 1 and lim|„|_>_|_(3Q 6(n) = 0. Then obviously 
acss{H) = [— 2i^, 2z/], and iJp{H) forms a sequence converging to the interval. 

One can immediately write down counterparts of oi/ results of Section 1 for 
multidimensional Jacobi matrices. For the sake of brevity, we will illustrate 
this taking Theorem 0.1 as an example. 

The following bounds are obtained in [8, Section 5] for self-adjoint oper- 
ators H (that is, for ab > 0, b{ri) G M) and p> 1: 

^ (A-2^.)^ + (^ + 2^)- 



< 2''{2u+l)P+''/^-'L^l j^|5(n)|P+-/2 + 2^|a6-l 

V n b 
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where 



< (2z. + l)f-M^|6(n)|f + 2^K-l|f ). 

\ n b J 

Tci ^^-v-vi2 + 

r(p + z//2 + i)- 



Theorem 2.1. Let H he a multidimensional complex Jacobi matrix de- 
scribed in (2.1) and p > 1. Then 



n 

+ 2j]|Rea6-ir'^/2), 



^ (ReA-2z/)^ + Y (ReA + 2z/)^ 



5^ (ReA-2^.)^ 



< {2u + iy-^ j^|Re6(n)|^' + 2^|Rea6- j 

\ n b ) 
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